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Abstract:

This paper aims to study roughness in Ant-topology. In addition, we performed a comparison with
approximations in classical topology. We found that the boundaries become wider as ambiguity increases,
reflecting a more accurate model of uncertainty and approximation in complex. Moreover, we explain how effect
of rough approximation on the result of ant-topology by creating more space for ambiguity and approximation,
allowing for better modeling accuracy of phenomena characterized by high uncertainty, despite increased
mathematical complexity.
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1-Introduction

Pawlak [1] in 1982 introduced the rough set theory. It was a good formal tool for modeling and processing in
information system. Algebraic structures of rough sets have been studied by many authors, see [2], [3], [4]. The
upper approximation of a given set is the union of all the equivalence classes that are subsets of the set, and the
upper approximation is the union of all the equivalence classes that are intersection with set non-empty. Anitha K
and Venkatesan study the rough Sets on Topological Spaces | [5], S,ahin, Kargin and M. Y “ucel have defined
anti-topological spaces in [6] . Abd EI-Monsef, and others introduce the near approximations in topological
spaces[7]. The main purpose of this paper is to introduce the rough upper and lower approximations on anti-
topology. In addition, we introduce some properties of approximations and these algebraic structures.
2-Preliminaries

We start by given some definitions and results about rough sets.

Suppose that ~ an equivalence relation on an universe set (U # @, finite set). Some authors say ~ is
indiscernibility relation. The pair (U, ~) is called an approximation space. We use U/~ to denote the family of all
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equivalent classes[x]-. The empty set & and the element of U/~ are called elementary sets. For any X < U, we
write X° to denote the complementation of X in U.
Definition 2.1: Let (U, ~) be an approximation space. We define the upper approximation of X by ~X = {x €
U:[x]. n X # @} and the lower approximation of X by~X = {x € U:[x]. € X } the boundary isX = ~X —~X .
If B =0, wesay X is exact (crisp) set otherwise, we say X is Rough set ( inexact).
Preposition 2-1:

1) ~XcXc~X

2) ~0=~0,~U=~U,

3) ~XuY)2~X) u~(Y),

4) ~XnY)=~) n~(Y),

5 ~XuY)=~X)u~(Y).

6) ~XnY)c~X)n~(Y).

7) ~XC = (~X)".

8) ~X¢=(X)"

9) ~(~X)=~(X) = ~X. -

10) (~(~X) = ~(~X) = ~X.
Now, we introduce some concepts of anti-topology. For more details see [9],[14].

Definition 2.2. Suppose that (X # @) universe andt = { A: Ac X}. We call that (X, 7) is an anti-topological
space if the following conditions are satisfied:

1) 9Xert.

(2) If Ay, A4,,.., A, €T, then UL A; ¢T,VYnE N.

(3) For any collection {A;}ic;+p Such that A; € t foreachi € J,U;e; A; ET.

Definition 2.3. The elements of 7 is called an anti-open sets. In addition, we call anti-closed sets if in the
complements of anti-open and denote to the set of all anti-closed sets byz,;.
Definition 2.4. Suppose that (X, t ) be an anti-topological space andA < X. Then we define:-
1) An anti-interior of A by Antilnt(A) = U {0;0 € Aand 0 € 7 };
2) Ananti-closure of A by antiCl(A) =N{F; A € Fand F € 1.}
Example 2.1. Suppose that X = {1,2}and T = {{1}, {2}} = T4.
Clearly,{1} n{2} = @ ¢1, and {1} U {2} = Xe 1.
Example 2.2. Suppose that X = {a,b,c,d} and T = {{a, b}, {b,c}, {c,d}}.
The intersections are{a, b} N {b,c} = {b}¢t, {a,b} N {c,d} = @¢ and {b,c} N {c,d} = {c}eT.
The unions are{a, b} U {b,c} = {a,b,c}et,{a,b}U{c,d} ={a,b,c,d} =X¢tand {b,c} VU {c,d} =
{b,c,d}et . We have t,= {{a, b}, {a,d},{c,d}}.
Note that {a, b} and {c,d} are both anti-open and anti-closed. As for the associated space, it is 7, =
{0,X,{a,b},{b, c},{c,d},{b},{c},{a,b,c},{b,c,d}}
Example 2.3. Suppose that X = N* and 7, = {only finite subsets of X which have cardinality k(k € N*).
Now, if A,B € 1, and A # B. Clearly, @¢1, and X = Ng1y,.
Example 2.4. Suppose that X = R and T, = {[a, b],where b —a =
y( yis a fixed positive real number). Now, if A,B € Ty and A # B,then their union has lengthz >
y (moreover, it is possible that it is not an interval at all) and their intersection has lengthw <
y (moreover, it can be empty or consist of one point).Clearly,® and X = R do not belong to Ty.

Remarks 1.1 If (X, ) is an anti-topological space, B € T and A € B. ThenA gt.

Example 2.5 Suppose that X = {1,2,3,4,5} and 7 = {{1,2},{3,4},{5}}. then 7 is an anti-topology on X
.Consider LetA = {1, 2,3}. Now aint(A) = {1, 2} and antiCl(A) = {1,2,3,4}.

Proposition 2.1. Suppose that (X, 7 ) is an anti-topological space andA4, B € X. Then aint(A N B) S aint(4) N
aint(B).

Proof. IfANB< A AnBc B. From the monotonicity of interior we get that aint(AnB) <
aint(A) and alnt(A N B) € alnt(B). Hence aint(A N B) € aint(A) N aint(B).

Remarks 1.2. The converse is not necessarily true.

Example 2.6. Suppose that X = {1,2,3,4,5},7 = {{1,3},{2},{3,4}},4 = {1,2,3}and B = {2, 3, 4}. we have
aint(4) = {1,3} U {2} = {1,2,3}and aint(B) = {2} U {3,4} = {2,3,4}.

Moreover,AN B = {2,3} and aint(A B) = {2}. Now aint(A4) N aint(B) = {2, 3}z{2}
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Some properties.

I n this section, we introduce some properties

Proposition 2.2 Suppose that (X # @) and U = {4: c X that is anti — closed under finite intersections.
Then 1- it is anti-closed under arbitrary intersections.

2- If it is anti-closed under arbitrary intersections, then anti-closed under arbitrary unions.

3- If it is anti-closed under arbitrary unions, then it is anti-closed under finite intersections.

Proposition. 2.3 Suppose (X,t) is an anti-topological space and A, B € 7. Suppose that A + B. Then A n
B e1,.and {A;}ic; € 1. Then Ui, A; £ A;.

Definition 2.5. Suppose that (X, t) is an anti-topological space. We called it is door anti-topological space if and
only if each subset (dif ferent than @ and X) is anti-open or anti-closed.
Example 2.6. Suppose that X = {a,b,c},T = {{a},{b},{c}}.
Remarks 1.3 If (X, 7) is an anti-topological space such that |[X| > 3= (X, 7) cannot be door space.
Definition 2.6.Suppose that (X, 7,)and (Y, t,) are two anti-topological spaces. The function f : X — Y iscalled
anti-continuous if and only if for any0 € t,, f ~1(0) € 1, .
Example 2.7 Suppose that X = {1,2,3,4},7; = {{1,2},(3}},Y = {a,b,c,d,e}, 7, = {{a,b,c,d},{e}}.
Suppoae that f(1) = a,f(2) = band f(3) = e.
Now f " ({a,b,c,d}) = {a,b} € Tyand f~ 1 ({e}) = {3} €1,.
Definition 2.7. Suppose X # @ and t = { A: AcX}. We call that (X,7) is an neutro-topological space if the
following conditions are satisfied:
1) @etandX ¢torX € tand Pgt.
(4) For at least n elements A1, A,,.. A, € T,then N1L A; €
T,For at least n elements By, B,,..,B, € T,then N[, B; €1
2) , N and for at least n elements , ; [ N N )]. Where n is finite. iii) For at least n elements , U and for at
least n elements, ;[ U U)].
Proposition 2.4. Suppose that (X, T ) be an anti-topological space. Then:
1) (X, 7u®) is a neutro-topological space.
2)  (X,7uX) is a neutro-topological space
Remarks 1.4 : From Proposition 2.4, we obtain that a neutro-topological space can be obtained from every anti-
topological space.
Example 2.8. Consider example 2.2 (X, tu@)and (X, tuX)are neutro-topological space.
Proposition 2.5. Suppose that (X, 7) is a classical topological space. Then:
1- (X,t — @) isaneutro — topological space.
2- (X,7 —X) is a neutro — topological space.

3 Rough Anti-topology

Definition 3.1. The lower rough anti-approximation ~A = int(A") = Anti(int(A) (anti-interior) is the largest
anti-open set contained ind. ~4 = int(4") = U{0 € 1: 0 € A}

The upper rough anti-approximation ~4 =int(A¢) = int(CL(A) (anti-closure) of A is the smallest anti-closed set
containingA.~A = N{F:F = 0°,0 € t,AC F} —.

The Boundary is BND(4) = ~A — ~A. If BND(A) # @, we called 4 is rough.

Example 3.1 Consider example 2.2. Suppose thatA = {b,c,d}. Now ~A=={b,c}and ~A =int(A) =
{b,c,d} = A. Now, BND(A) = ~A — ~A = {d}. So, A is rough.

Proposition 3.1. Suppose that x=(X,R,K,) is a topologized approximation space. If
A and B are two subsets of X , then

1) ~AcAc~4;

2) ~p=~pand~X =~X=X;

3) ~(AUB) = ~AU~B ;

4) ~(AnB) = ~An~A;

5) If AcB,then~Ac~B;

6) (AU B) > AUB,;

7) (AnB) cANB ;

8) (A= (A)";

9) U=,
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Note that:

The difference between classical rough approximations and rough approximations using anti-topology
We can summarize the difference between classical rough approximations and rough approximations using anti-
topology as follows:

Example 3.2. Suppose that X = {1,2,3,4,5}. Let A={2,3,4}

Classical rough approximations Rough approximations using anti-topology
Lower approximations A {2,3} {2}
Upper approximations A {2,3,4} {1,2,3,4}
B(A) {4} {1.3.4}

We note that, in the classical case, the boundaries are more precise with a lower ambiguity ratio.

But in the anti-topological case, the boundaries become wider with increased ambiguity, reflecting a more accurate
model of uncertainty and approximation in complex environments.

Anti-topology allows representing more extensive cases of indeterminate membership, which is useful in
applications requiring modeling of imprecision and fuzziness.

Conclusion

We introduce the concepts of rough upper and lower approximations on anti-topology. Some properties of
approximations and these algebraic structures are studies. Moreover, we note that in the anti-topological case, the
boundaries become wider with increased ambiguity, reflecting a more accurate model of uncertainty and
approximation in complex environments. In addition, Anti-topology allows representing more extensive cases of
indeterminate membership, which is useful in applications requiring modeling of imprecision and fuzziness.
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