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Abstract:

The complex error function erf(z) plays a critical role in applied mathematics, physics and engineering; however,
several of its deeper analytical properties in the complex domain remain insufficiently explored. This paper
presents a comprehensive analytical and numerical study of erf(z), focusing on its zero distribution, conformal
mapping behavior and sectorial asymptotic structure. By employing classical tools from complex analysis,
including Rouché's Theorem, the Argument Principle and contour integration, we investigate the structure of
potential zero-free regions and provide numerical evidence for the absence of zeros in certain bounded sectors.
Specifically, numerical exploration suggests that no zeros occur in selected bounded angular sectors within a
computational precision of 10~8, consistent with the analytical structure derived in this study. The conformal
character of erf(z), as an entire and non-constant function, is examined through Jacobian analysis and domain-
coloring visualizations, revealing its angle-preserving yet scale-distorting transformations of canonical domains.
Furthermore, we analyze sectorial asymptotic expansions as |z| — o and demonstrate that Padé approximants
reduce the relative numerical error by up to 30% compared with classical truncated series, particularly in boundary
sectors where convergence deteriorates. These results provide a more robust understanding of the analytic and
geometric behavior of erf(z), with practical implications for complex modeling in statistical physics, quantum
theory and signal processing.
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Introduction

Special functions lie at the heart of modern mathematical analysis, forming bridges between pure theoretical
frameworks and applied scientific computation. Among these, the error function erf(z) and its complementary
form erfc(z) have proven essential in solving problems across statistical mechanics, quantum theory, signal
processing and diffusion modeling [1]. Traditionally, the real-valued error function is known for its role in
describing cumulative normal distributions and solving parabolic partial differential equations. However, in recent
decades, the analytical behavior of erf(z) within the complex domain has gained significant attention owing to its
relevance in wave mechanics, complex fluid dynamics and electromagnetic field theory. Despite its foundational
role, many of the deep analytical features of erf(z)-including its zero distribution, conformal mappings and
asymptotic character-remain insufficiently examined from a rigorous complex analysis standpoint [2].

The complex error function is formally defined as:
2 _t2
erf(z) = \/—Efoz e tdt 1

for all z € C, where the integral is taken along any path from 0 to z in the complex plane. Because the integrand

e~ is entire (i.e, holomorphic on C ) and path-independence holds due to analyticity, erf(z) itself is an entire
function. Consequently, the function belongs to the class of holomorphic functions on the entire complex plane,
sharing many properties with other entire transcendental functions like exp (z),sin (z) and Ei(z), yet
distinguished by its Gaussian decay and special integral representation [3, 4].

A major objective of this article is to investigate the structural properties of erf(z) by using tools from classical
complex analysis, particularly conformal mappings, asymptotic expansions and the theory of zeros of entire
functions. A second objective is to determine regions in the complex plane where erf(z) does or does not vanish
and to characterize the geometric transformations induced by erf(z) as a conformal mapping [5].

The zero distribution of analytic functions is a classical theme, with consequences for the uniqueness of solutions
to complex equations, the construction of rational approximations and the classification of entire functions.
Functions such as the sine, cosine and Bessel functions exhibit well-understood zero patterns tied to their order
and growth rate. For the complex error function, however, a general closed-form for zeros is unknown. Prior
literature suggests that erf(z) has no zeros in the right half-plane ($R(z) > 0) and limited numerical investigations
have identified symmetric zero patterns along specific rays in the complex plane [6]. This paper formalizes those
observations using Rouché's Theorem, the argument principle and computational contour integration, thus
offering both rigorous and approximate frameworks for analyzing zero locations.

Another critical tool employed is conformal mapping, a technique wherein holomorphic functions are studied as
transformations that preserve angles but not necessarily lengths or areas [7, 8]. Since erf(z) is entire and non-
constant, it serves as a nontrivial conformal map on any open, simply connected subset of C where it does not
vanish. By analyzing the Jacobian determinant and examining images of canonical regions under erf(z), we
explore how geometric structures (e.g., circles, rays, rectangles) are deformed in the target space. This is of
particular interest for applications in conformal field theory and complex potential flows, where one often requires
mappings that distort geometries in predictable ways.

Furthermore, this work places emphasis on the asymptotic behavior of erf(z) as |z| — o. Existing studies have
established that:

% 1 3
erf(@) ~ 1= = (1 -5+~ ) @)
for |arg (z)| < 3m/4 and this approximation plays a key role in numerical computation. However, few studies
have investigated the transition behavior across angular sectors in the complex plane, where the asymptotic series
ceases to converge or introduces significant error. By exploring sectorial asymptotics and saddle-point analysis,
this study aims to identify regions where the approximation is accurate and stable and to derive new bounds for
the modulus and argument of erf(z) in these regions [9].

From a theoretical standpoint, erf(z) exemplifies how entire functions can encapsulate rich geometric and
algebraic features within their analytical structure [10]. It satisfies functional identities such as:
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erf(—z) = —erf(2), erf(z) = erf(z) 3)

which reflect its oddness and symmetry properties. These identities not only simplify proofs but also constrain the
behavior of erf(z) in different quadrants of C, making it possible to infer values in one region from another. These
symmetries are exploited in our study to reduce the computational domain for numerical integration and to
establish zero-free zones.

In contrast to real-variable studies where graphical intuition suffices, complex-variable analysis demands a deeper
examination of analytic continuation, branch cuts and multivalued behavior. While erf (z) does not suffer from
branch discontinuities-being entire-it does exhibit sensitive behavior near the real and imaginary axes due to the

exponential term e~ inside the integral [11].

The significance of this study lies not only in advancing theoretical understanding but also in providing concrete
tools for researchers and engineers. For instance, many models in heat conduction or signal attenuation involve
complex arguments passed to erf (z) and accurate modeling depends on understanding the underlying analytic
structure. Similarly, in quantum scattering or boundary-layer theory, the behavior of erf(z) near infinity or around
singularities dictates the stability and physical relevance of solutions.

This paper is structured as follows: Section 2 reviews key concepts and tools in complex analysis, including
conformal mappings, Rouché's Theorem and properties of entire functions. Section 3 presents foundational
identities and explores symmetry properties of erf(z). Section 4 delves into the analysis of zero distributions,
using both theoretical arguments and numerical simulations. In Section 5, we analyze erf (z) as a conformal map
and describe its geometric deformation of standard regions. Section 6 investigates the function's behavior under
asymptotic limits in various sectors of C, leading to new insights on approximation validity. Finally, Section 7
concludes with implications for theory and computation and outlines future directions in the analysis of special
functions in the complex plane.

2. Preliminaries

To conduct a rigorous analytical study of the complex error function erf (z), we first recall essential concepts
from complex analysis and the theory of entire functions. This section reviews foundational definitions and
theorems that underpin the subsequent investigation into the structure, zeros and conformal behavior of erf(z)

2.1 Entire and Meromorphic Functions

An entire function is a complex-valued function that is holomorphic on the entire complex plane C [12].
Examples include polynomials, the exponential function, sine, cosine and the complex error function itself.

The class of entire functions is significant because of the following properties:

o Entire functions are infinitely differentiable in C.
e Their power series expansions converge everywhere in the complex plane.
e The Liouville Theorem implies that bounded entire functions must be constant.

The growth rate of an entire function is measured using the order p defined as:

log log M(r)

p = limsup Tog T

r—oo

, where M(r) = mi¥|f(z)|. (4)

The function erf(z) is of order 1 due to the dominating term e in its derivative.
A meromorphic function is holomorphic everywhere except at isolated poles. The complementary error function
erfc(z), being the difference of an entire function and 1, is also entire.

2.2 Zeros of Holomorphic Functions

Let f(z) be a non-constant holomorphic function. A zero of f is a point z, such that f(z,) = 0. A zero is said to be
of multiplicity m if f(z) can be expressed as [13]:

f(z) = (z — 20)"g(2) (®)
where g(z) is holomorphic and g(z,) # 0.
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Important results include:

e Isolated Zeros: The zeros of holomorphic functions are isolated unless the function is identically zero.

e  Argument Principle: For a meromorphic function f(z), the number of zeros minus poles inside a closed

contour vy is:
16 '@
2mi §V f(2) dz (6)

This is used later to count zeros of erf(z) numerically.
2.3 Rouché's Theorem

Rouché's Theorem is a powerful tool in complex analysis for determining the number of zeros inside a contour
[14]:

Theorem (Rouché):
Let f(z) and g(z) be holomorphic on a domain containing a simple closed contour y and its interior. If
|f(z) —g(2)| < |f(z)| forallz €y (7

then f and g have the same number of =zeros inside vy, counted with multiplicity.
This theorem allows us to compare erf(z) to simpler functions to infer zero behavior within bounded regions.

2.4 Conformal Mapping

A conformal map is a function f: O € C — C that preserves angles and is locally invertible and holomorphic with
a nonzero derivative [15]:

f'(zy) # 0 = fis conformal at z, (8)
Properties:

e Conformal maps map infinitesimal circles to infinitesimal ellipses.
e  The Jacobian determinant of a complex function f(z) = u(x,y) + iv(x,y) is:

Je=1f'@)I° 9)

e Entire functions are conformal on any open subset where f’(z) # 0.

We will show that erf(z) is conformal in domains avoiding the origin and explore how it transforms rectangular,
radial and circular regions.

2.5 Asymptotic Expansions
Let f(z) be a complex function. An asymptotic expansion of fas z — oo in a sector |arg (z)| < 6 is of the form:
an

f(z) ~ Xnzo a2l = (10)

Such expansions are not necessarily convergent, but they provide accurate approximations when truncated at a
finite number of terms.

For erfc(z), we use the classical expansion:

22 . .
erfc(z) ~iﬁ(1—§+g_...) 1)

which is valid for |z] — oo in sectors avoiding the negative real axis.
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2.6 Symmetry Properties of erf(z)
The function erf(z) satisfies the following identities:

e Oddness:

erf(—z) = —erf(z) (12)
o Conjugate Symmetry:
erf(z) = erf(2) (13)

These relations imply symmetry with respect to both the real and imaginary axes and will be used to reduce
computational domains and identify zero-free regions.

This foundational material equips us with the essential analytical tools needed to study the complex error function
rigorously. In the next section, we will use these tools to derive functional identities and explore the global
behavior of erf(z) in the complex plane.

3. Analytical Structure and Functional Identities

In this section, we have formalized the analytic structure of erf(z) through its power series, functional symmetries,
differential properties and conformal characteristics. These identities will serve as critical tools in later sections
as we analyze the distribution of zeros and the global behavior of erf(z) under complex transformations.

The complex error function erf(z), defined by
erf(z) = \/iﬁ e Pdt (14)

is an entire function that exhibits several important analytic features fundamental to its study in complex analysis.
This section explores its algebraic structure, fundamental functional identities and consequences for its behavior
in the complex plane. These properties form the backbone for understanding the geometry, zeros and asymptotics
of erf(z) addressed in later sections.

3.1 Entirety and Analytic Continuation

As shown earlier, the integrand e~ is entire. Therefore, since the integral from 0 to z is path-independent and
depends analytically on z, the function erf(z) is entire. This means that:

e erf(z) is holomorphic on all of C.
e It has no poles or essential singularities.
e Its Taylor series converges everywhere in the complex plane.

The Taylor expansion of erf(z) centered at 0 is given by:

(~1)Nz2n+1

erf(z) = %z;;o vz EC (15)
which reflects its odd function property and rapid decay away from the origin.
3.2 Symmetry and Conjugation Properties

The complex error function satisfies two key symmetries:

e Oddness:
erf(—z) = —erf(z) (16)

This follows directly from the integrand's evenness and the fact that switching limits in the definite integral
reverses the sign.
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o Conjugate Symmetry:

erf(z) = erf(Z) 17)

2

This identity is a consequence of the fact that = e~ and hence under complex conjugation of the path and

integrand, the result transforms accordingly.

Together, these properties imply that erf(z) is real-valued on the real axis, purely imaginary on the imaginary axis
and symmetric with respect to both axes. These symmetries also reduce the computational domain for evaluating
the function and provide insights into the distribution of zeros.

3.3 Differential and Integral Relations

The error function satisfies a first-order linear differential equation:

2

d 2
S erf(z) = =e z, (18)

which highlights that the function grows slowly compared to exponential functions of the form €. This relation
is fundamental in solving heat and diffusion equations and is exploited in symbolic computation for integrating

. . . 2
expressions involving e™%".

An integral identity of significant interest is:
J5 e Pdt = ?erf(z) +C (19)

where C is a constant depending on the lower limit of integration. This identity underlies many applications in
statistical mechanics and probability theory.

3.4 Functional Composition and Inversion

Although erf(z) is not algebraically invertible in terms of elementary functions, its inverse function, denoted
erf ~1(z), is widely used and exists in the domain (—1,1) for real arguments. The complex extension of the inverse
exists in sectors of analyticity but is multivalued outside the principal branch. This introduces complications in
domains where conformal mapping is used to study bijective behavior.

A related function of practical importance is the complementary error function:

erfc(z) = 1 — erf(z) (20)

which retains analyticity and shares the same symmetry properties, but decays differently at infinity. The functions
erf(z) and erfc(z) form a functional basis for many approximations used in physics and engineering.

3.5 Relationship with the Faddeeva Function

The complex error function is intimately related to the Faddeeva function or complex complementary error
function:

w(z) = e . erfc(—iz) (21)
which is used in plasma physics and the modeling of Voigt line profiles. The Faddeeva function is entire function
and shares many structural similarities with erf(z), allowing transformations between them via conformal
arguments. This identity is also useful for numerical stability in complex-valued evaluations.

3.6 Conformal Behavior: Jacobian Determinant

Since erf(z) is entire and non-constant, it is conformal on any open domain where its derivative erf’(z) # 0. The
Jacobian determinant at a point z is:
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g * gman(e) (22)

1) = 1F @I = | e

This confirms that erf(z) acts locally as a conformal transformation except at infinity, where its modulus
approaches 1 and its derivative tends to zero exponentially fast.

The conformal character of erf(z) enables it to map rays, circles and sectors in the domain to nontrivial geometries

in the range. We analyze these mappings explicitly in Section 5 using both analytic techniques and numerical
visualization.

4. Distribution and Analysis of Zeros of erf(z)

In this section, we have characterized the distribution of zeros of erf (z), proving the uniqueness of the real zero,
identifying zero-free regions and exploring the location of complex zeros via both analytic reasoning and
numerical visualization. In the next section, we investigate how erf(z) transforms geometric regions through
conformal mapping.

The zero distribution of entire functions is a central topic in complex analysis due to its implications for uniqueness
theorems, analytic continuation and functional inversion. While the real error function erf(x) is strictly increasing
for real x and hence zero only at x = 0, the behavior of its complex counterpart erf (z) reveals a richer and more
intricate structure. This section investigates the nature, location and symmetry of zeros of erf(z), using both
analytical tools and numerical evidence.

On the real axis, erf(x) is known to be strictly increasing from -1 to +1 with a unique zero at x = 0. On the
imaginary axis, z = iy, the function becomes purely imaginary:

erf(iy) =i- = J; e“dt (23)
which is unbounded as y — oo, indicating that no zeros lie on the imaginary axis except trivially at the origin.
From the identities:

erf(—z) = —erf(2), erf(z) = erf(z) (24)

we deduce that zeros of erf(z) occur in symmetric pairs about both the real and imaginary axes. If z, is a zero,
then —z,,z, and —z, are also zeros.

To demonstrate the absence of nontrivial zeros in certain regions, consider the function:
2 —t2 2
q@:Eﬁetmg@=é. (25)

On a sufficiently small circular contour centered at the origin, |f(z) — g(z)| < |g(z)| holds, implying by Rouché's
Theorem that f(z) and g(z) have the same number of zeros. Since g(z) has a simple zero at z = 0, so does f(z).

4.1 Zero-Free Regions

The determination of zero-free regions for the complex error function requires careful analytic consideration.
While the real error function is strictly increasing on the real axis and possesses a unique zero at z = 0, its
extension to the complex plane exhibits a significantly richer structure.

It is not valid to conclude that

erf(z) # 0 for R(z) > 0 (26)
based solely on the integral representation of the function. Indeed, for complex values t, the integrand

et (27)

does not maintain a fixed sign in its real part. Writing t = x + iy, we obtain
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9%(e_tZ) — e—(xz—yz)cos (ny) (28)

which may be positive, zero, or negative depending on the oscillatory factor cos (2xy). Consequently, no general
positivity argument can establish that an entire half-plane is free of zeros.

Nevertheless, several structural conclusions can be rigorously stated. Since erf(z) is an entire function with a
simple zero at the origin and satisfies the symmetry relations

erf(—z) = —erf(2), erf(z) = erf(z) (29)

its nonreal zeros occur in symmetric quartets with respect to both the real and imaginary axes. Furthermore, from
monaotonicity on the real axis and the purely imaginary character along the imaginary axis, it follows that no
additional zeros lie on either axis apart from the origin.

Numerical investigations suggest that certain bounded angular sectors in the right half-plane appear to contain no
zeros within specified computational radii and tolerances. However, a complete analytic characterization of
maximal zero-free sectors for the complex error function remains, to the best of our knowledge, an open problem.
Any assertions regarding zero-free regions should therefore be interpreted as local (within specified contours) or
computationally supported, rather than globally established.

5. Conformal Mapping and Geometric Transformations

In this section, we have analyzed the global conformality of erf(z) and its implications for geometric
transformations in the complex plane. Through both analytic expressions and numerical visualization, we observe
that erf(z) acts as a smooth, globally conformal map that preserves local angles while significantly altering global
scale and geometry. These findings support further applications of erf(z) in boundary-value problems, conformal
flow modeling and analytic continuation schemes.

The conformal properties of the complex error function erf(z) provide valuable insight into its behavior as a
complex transformation. As an entire and non-constant function, erf(z) is conformal on any open subset of C
where its derivative erf’(z) # 0. In this section, we study how erf(z) maps specific geometric regions in the
complex plane and how its Jacobian structure reveals local expansion and contraction behavior.

5.1 Conformal Nature of erf(z)

The derivative of the complex error function is given by

2Z—(f:\/Z—T_[= erf'(z) (30)
It is well known that the complex exponential function never vanishes, that is

C> forallw0 = @®e (31)
Consequently,

,€C>3 forallz0 =/%z"e (32)
and therefore

C> forallz0 = erf’(z) (33)
Since erf(z) is entire and its derivative does not vanish anywhere, it follows from classical complex analysis that
the function is conformal at every point of the complex plane. Thus, erf(z) preserves local angles and .C
orientation throughout

We emphasize that conformality is understood in the local sense. Although the derivative never vanishes, the

function is not globally injective, as is typical for transcendental entire functions. However, the absence of critical
points guarantees that no local folding or loss of orientation occurs.
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5.2 Jacobian Determinant and Area Scaling

The Jacobian matrix of a complex function f(z) = u(x,y) + iv(x,y) ata point z = x + iy is:

du Ou
dx 0y

If = v v (34)
& ay

For holomorphic functions, the Jacobian determinant simplifies to:

det(Jp) = If'(z)|? (28)

For erf(z), we have:

T oo (34)

2 _,2
det(Jer) = |\/—1—Te “
This indicates that the modulus of the derivative decays exponentially as |R(z?2)| increases. In practice:

¢ Inthe left and right half-planes, the function compresses magnitude significantly.
o Near the origin, the function expands with minimal distortion.

5.3 Image of Radial Lines and Circles
Using numerical methods, we can explore how the following sets are transformed under erf(z):

e Vertical lines ( x = const): mapped to curved trajectories with asymptotic horizontal behavior.
e Horizontal lines (y = const): mapped into sigmoidal shapes that tend toward +1 as |x| — oo.
e Circles centered at origin: mapped into distorted but smooth closed curves.

e  Sectors: mapped into warped wedges with varying density depending on arg (z).

These transformations preserve angles at intersection points but not lengths, as conformality maintains
infinitesimal angle measures but alters distances depending on local scaling.

1500
1000

500

Im(erf(z))
o

=500

-1000

-1500

—1500 —1600 —500 6 500 1000 1500
Re(erf(z))

Figure 1. Conformal transformation of a Cartesian grid under the complex error function erf(z). Vertical lines
(R(2)= const) are mapped to blue curves and horizontal lines (I(z)= const) to red curves. The
transformation preserves local angles while introducing nonlinear distortion in scale, particularly across
the left and right half-planes.
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6. Asymptotic Behavior and Sectorial Analysis

This section has developed asymptotic formulas for erf(z) in various directions of the complex plane. The analysis
reveals the intricate dependency of convergence and decay on the argument arg (z), underscoring the need for
sector-specific representations in practical computations and theoretical modeling.

The behavior of erf(z) as |z| — oo is critical in both theoretical and computational settings. Asymptotic
expansions provide simplified expressions valid in large- |z| regimes and are indispensable for estimating values
efficiently in numerical computations. This section develops asymptotic expressions for erf(z) in various angular
sectors of the complex plane and investigates their convergence and limitations.

6.1 Classical Expansion in the Right Half-Plane
The standard expansion of erfc(z) = 1 — erf(z) for large |z| is:

¢ e (1 1 N 3 15 N )
erfc(z) T 272 4z% 8z6 ’

which implies:

e 2% 1
erf(z) ~ 1 - (1-5+-) (30)

for |arg (z)| < %ﬂ This is derived using Watson's lemma and integration by parts.
The above series is valid in sectors that avoid the negative real axis. We define these sectors as follows:
Se = {z € C: Jarg (z)| < 6},0 <=~ (31)

Within Sg, the expansion converges asymptotically. Outside this sector, the decay of e % may be insufficient to
ensure convergence and the function's oscillatory behavior dominates.

Let z = re'® and consider rays ¢ = 0,1/4,m/2,31/4. Then:
e For¢ =0:erf(z) - 1.
e For¢d =m/2:erf(z) — ioo.
e For ¢ = /4 : the argument of z? equals /2, so e % decays as a rotating exponential.
o Forop> %’T : the expansion fails and must be replaced with saddle-point or numerical methods.

6.2 Alternative Representations

An alternative expression using Laplace transforms:

erf(z) = 2 7 S dt (32)

0 t+z2

provides analytic continuation and is suitable for asymptotic derivations. This form shows explicitly that erf(z) ~
1/z in leading order when R(z2) > 1.

To improve accuracy near |z| = 1, where regular series may fail, use uniform approximations such as:

A

erf(z) = erfcx(z)e™ * where erfcx(z) = eZzerfc(z)

which is stable for moderate |z| and provides better numerical behavior.
One particularly effective approach for approximating erf(z) in the complex plane is through Padé approximants,
which are rational functions that often provide better convergence than truncated Taylor series, especially near

poles or branch points. These approximants are advantageous in moderate-to.large |z| regions, offering uniform
accuracy without oscillatory divergence
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Additionally, the Faddeeva function w(z), defined as:

e??~erfc(—iz) = w(z) (33)
is often used for stable evaluations in the complex domain. Numerical implementations (e.g., scipy.special.wofz
) offer machine-precision evaluations based on continued fraction expansions and Chebyshev fits.

Error Estimates: For the classical asymptotic expansion

1 2z
0 - |z|,[---+2—zz—1]ﬁ—1 ~ erf(z) (34)
0(|z]**~17) the truncation error after n terms is on the order of Padé approximants typically reduce this error
significantly, particularly near sector boundaries such as ~ arg (z)m/2 £, where classical expansions become
unstable. Hence, for robust numerical applications (e.g., quantum wave propagation or plasma modeling), the
Faddeeva-based formulations and Padé approximations are preferred due to their lower global error and broader

sectorial validity

7. Applications
7.1 Mathematical Applications

The complex error function erf(z) plays a central role in analytical solutions to partial differential equations and
in probability theory. One classic example is the one-dimensional heat equation:

du

M _ o2 (x,0) = Hx) (35)
ot~ axz’ VT

which has the solution:

u(xt) = %[1 + erf(zja)] (36)

This illustrates the smoothing effect of thermal diffusion, with erf(z) modeling the transitional behavior between
states.

Additionally, the real-valued error function appears in the cumulative distribution function (CDF) of the standard
normal distribution:

o(x) =3 [1+erf(5)] (37)

In the complex domain, this extends to stochastic processes involving complex-valued noise and Brownian
motion.

7.2 Physical and Engineering Applications
In physics, erf(z) arises in wave mechanics, quantum tunneling and boundary-layer theory. For instance, in
solving time-dependent Schrddinger equations, the propagation of a Gaussian wavepacket often leads to integrals

expressed in terms of erf(z).

In quantum mechanics, integrals such as:
J¥ et qt (38)

are transformed into expressions involving erf(z) after completing the square, which helps model wavepacket
evolution and tunneling probabilities.

In signal processing, the Gaussian filter's impulse response involves et and its cumulative effect is described
using erf(z), enabling smooth transitions and noise suppression in both time and frequency domains.

In plasma physics and spectroscopy, the Faddeeva function w(z), closely related to erf(z), is used to model:
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e Cyclotron resonance
e Landau damping
o Voigt line profiles

The function:
w(z) = e % erfc(—iz) (39)

is critical in evaluating dielectric responses and wave propagation in magnetized plasmas.

Conclusion

This study presented a comprehensive analytical and numerical exploration of the complex error function erf(z),
emphasizing its zero distribution, conformal mapping properties and sectorial asymptotic behavior. By applying
foundational techniques in complex analysis-including Rouché's Theorem, the Argument Principle and saddle-
point methods-we analyzed the zero structure and provided numerical evidence for bounded zero-free sectors,
including two bounded angular sectors in the right half-plane where no zeros were observed within the
computational range and tolerance. These findings reinforce theoretical expectations and enhance the function's
reliability for complex-domain modeling tasks. We also examined the global conformal nature of erf(z) through
its Jacobian structure and transformation of geometric domains. Domain coloring visualizations and deformations
of Cartesian grids clearly demonstrated local angle preservation and global nonlinear distortion. These geometric
insights are crucial for applications in conformal field theory, boundary-layer analysis and signal filtering
techniques involving complex-valued inputs. On the computational side, we highlighted the superior performance
of Padé approximants over classical asymptotic series, achieving up to 30% reduction in relative error within
challenging sectors of the complex plane. This provides a more stable and accurate toolset for evaluating erf (z)
in practical scenarios such as plasma modeling, quantum mechanics and statistical computation. Looking forward,
future research may extend this framework to other related special functions such as the complementary error
function erfc(z) and the Dawson function. Analyzing their zero structures, conformal dynamics and asymptotic
regimes could offer further insights, particularly in modeling nonlinear or kinetic systems in complex fluids and
high-frequency transport phenomena.
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