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Abstract:

This study investigates the generalization of the Poisson Kernel and the operator-valued Poisson Kernel from a
single variable to two variables, including their integral formulas. The Leibniz rule is utilized to present the
average for the extension of the operator-valued Poisson kernel. Furthermore, the angle type formula for the
Poisson kernel and its corresponding integral formula, obtained by replacing the single variable with two variables
in the original definition, are derived.

Keywords: Poisson Kernel, Generalization of Poisson Kernel, Operator-valued Poisson Kernel.

uéﬂ.ﬂ.“

Gy 8 La e ie 1)k (M aad s sl )b (e 40 5350wt () saal 52 B 53 aaxi s O guul 52 B) 53 anend (8 Al all o34 Caas
BsOke 5 Ay e ariy () sasl 5 5153 apendl JalSl o gie A a3l 5acl axdiudy Lago dualal) ALKl gl
e Jlasind JA e @l g b plliall AL Liipa s ) sl 53 81530 (5 5130 & il (e Akl (BRSNS (el e
REIC R TR JUTRYES AN I

A e iy () gasl 53 8 3 ¢ 3mal 53 8 3 pent () g 2 81 53 rdalidal) cilalel)

Introduction

In potential theory, the Poisson kernel is an integral kernel that plays a fundamental role in solving the two-
dimensional Laplace equation subject to Dirichlet boundary conditions on the unit disk. In complex analysis, the
Poisson kernel is particularly important because integrating it against a function on the unit circle yields a
harmonic extension of that function to the unit disk. Since harmonic functions are related to meromorphic
functions, the two-dimensional Dirichlet problem is essentially equivalent to finding a meromorphic extension of
a function defined on the boundary. Moreover, in this study, Galbraith and Green (1947) obtained the mean value
of the Poisson kernel P(6,r), where r is a real parameter satisfying | r |< 1. Subsequently, Haruki and Rassias
(1997) introduced a two-parameter generalization of the Poisson kernel, denoted by Q (6, a, b), where a and b are
complex parameters satisfying | a |[< 1and | b |< 1, and established an integral formula for this generalized
kernel. Later, Kim (1999) provided a solution to an open problem posed by Haruki and Rassias concerning the
powers of Q(6, a, b).
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Furthermore, (Chalendar, 2003) introduced the operator- valued Poisson Kernel denoted K,..(T). Then, (Bulut,
2011) proposed a generalization of the operator- valued Poisson Kernel Q,;.(T) and studied its corresponding
integral representation. In addition, (Al-Sharif et al, 2013) discussed the wvalue of the
integral fOZ"Qa,b,t(T)"“,for all n=0,123,.., under the special case when b = aand the operator
(I — ae*T*) is self-adjoint. These results raise the question of whether analogous integral average formulas can
be established without imposing this restrictive assumption. Moreover, previous studies have generalized the
Poisson kernel with respect to the parameter r leading to generalizations involving two, four, and six variables
(Bulut, 2006; Haruki & Rassias, 1997) What if the generalization of Poisson's kernel is for angle 6, and what
about the integral in this new generalization?

In this paper, we investigate integral averages of a generalization of the operator-valued Poisson Kernel.
Furthermore, we introduce a new generalization of the Poisson Kernel by replacing 6 in P(6,r) and Q(6, a, b)
with 64,8, and evaluate their corresponding integral formulas, examining the properties of these generalized
kernels.

The paper is organized as follows: Section 2 presents the Poisson kernel, its generalization, and related theorems.
Section 3 includes definitions and theorems related to the operator-valued Poisson kernel. Section 4 presents the
main results of the generalization of the operator-valued Poisson kernel and the Poisson Kernel.

2. Preliminaries:
The Poisson Kernel in two dimensions p(8, ) is defined by

1—12 1-1r? (1D

p(6,r) = 1—2rcosf +12 (1 —rei®)(1 —re-i®)

Here r is a real parameter satisfying || < 1,and —o0 < 6 < oo,

Theorem 2.1 (Galbraith & Green, 1947)

1 2
Ef P(6,r)do = 1. 2)
0

Where r is a real parameter satisfying |r| < 1.
The Generalization of the Poisson Kernel Q(8, a, b) is given in the following definition

Definition 2.1 (Haruki & Rassias, 1997)

1-ab

Q(6,a,b) = (—ae®)(1-pe=0) 3)

where a, b are complex parameters satisfying |a] < 1 and |b| < 1.

Theorem 2.2 (Haruki & Rassias, 1997)

1 2
Ef Q(6,a,b)do =1 4)
0

where a, b are complex parameters satisfying |a| < 1 and |b| < 1.

Remark 1: setting a =7 and b =r in (3) and (4) yields (3 ) and ( 4) are generalizations of (1) and (2)
respectively.

Theorem 2.3 (Kim, 1999)

-k

1 T w1 o < 2n —k)! ab \" 3
Eof Q(6,a,b)"*1do = ,Z(:)(k)! ((n - k)!)2 (1 — ab) , n=0,123, .. (5)

where a, b are complex parameters satisfying |a| < 1 and |b| < 1.
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3. The operator- valued Poisson Kernel

Let H be acomplex Hilbert space and L(H) be the algebra of all linear bounded mappings from H to H. For any
operator T € L(H), its spectrum o (T) is the nonempty compact subset of the complex plane C consists of all
scalars 1 € C for which the operator T — Ald is non-invertible in L(H), I represents the identity operator on H
and D Is the unit disk in C.

Definition 3.1 (Chalendar, 2003) Suppose T € L(H) such that ¢(T) c D and for re® € D. The operator- valued
Poisson Kernel is defined by

K o(T) = —reT) ™ + (I —re *T)™ —

Theorem 3.1 (Chalendar, 2003) Assume T € L(H) such that o(T) < D, then

2

1
7 f K. (T)dt =1,

0
where r is a real parameter satisfying |r| < 1.
The following Theorem presents the generalization of the operator-valued Poisson kernel.
Definition 3.2 (Bulut, 2011) Let T € L(H) such that ¢(T) € D and for re‘ € D, we have
Qup(T) = (U —aeT*) ™ + (I —be™™T)™ -
Theorem 3.2 (Bulut, 2011) Let T € L(H) such that ¢(T) € D and for re* € D, then,

1 ~
o | Qunemyae=1. ©
0

where a, b are complex parameters satisfying |a| < 1 and |b| < 1.

Theorem 3.3 (Al-Sharif etal., 2013) LetT € L(H) suchthato(T) c D,b = a and (I — ae'*T*) is self-adjoint,
we have

n+l k

anbt(T)"“dt—zz IGICHE

such thatn = 0,1,2,3, ...,and a, b are complex parameters satisfying |a| < 1.

4. Main Results of Generalization of Poisson Kernel

4.1 Integral averages of generalization of the operator- valued Poisson Kernel

In this section, the value of the integral fOZ" Qapc (T 1de, for all n = 0,1,2,3, ... is defined without the special
case in Theorem 3.3.

Theorem 4.1.1 Let T € L(H) such that (T) < D, then

+ k)! bTT* \F
_f Qape ()" dt = Z (n (—nk)' )kl)z (1 ‘—1 abTT* ) » m=0123., @)

Proof:

Suppose

17 . .
= ﬂf Qape (M dt = (I —ae™T*)™ " + (I = be™™T)™t = D™
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e n+1

_ 1 f ( I —abTT” ) it
" 2n) \( - ae*T*)(I — be~iT)
0

1T (U - abTT")/( — aeltTy)m
“5)

dt

(1 — be—itT)n+1

By the change of variable z = e’ and setting

n

1—abTT*)"+1

f(Z) = (I—azT* z (8)
1 f(2)
= ﬂfu G- by

where the integral of the function f(z) is in the positive direction along the unit circle |z| = 1.

Hence, by the integral formula, since f(z) is an analytic functionin |z| < 1, we obtain

M)
I = n!
Now, to find I, , we will use the Leibniz rule.
Assume
l(z) =2"
m(z) = (I —azT*)~ "+ 9

Then by (8) and (9), we obtain
f(2) = — abTT) " 'm(2)l(2)

(10)
By applying the Leibniz rule to (10), we have
f(2) = (I — abTT*)"**(Im)"(2)
= (I — abTT*)™** RZO (:) "k (2)mk (z)
= - yn+l N M — *\—(n+1+k) *
= n! (I — abTT*) RZO(”"‘)!("!)Z (I = azT*)-@+1+) (gzT*) (11)

If z=bT in (11), then

_fren _ S (n+ k) ( abTT* )k'

I =
n n! = (n—k)!'(kH2\I —abTT*

Remark 2: By choosingn = 0 in (7), we obtain (6).
Corollary: Let T € L(H) such that ¢(T) c D7, we have

I+ abTT*

21
! f T)? dt
2m Qape(T)7dt = 7= abTT*’
0

Remark 3: When we take TT* = I in (7), we obtain that (5) is the scalar form of (7), in other words, Theorem
2.3 is a special case of Theorem 4.1.1

4.2. Poisson Kernel Angle Type Formula
In this section, we present the definition of the Poisson integral angle type formula and get some new results on
the integral formula of P(6,,6,,7) and Q(6,,6,,a,b).
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Analogous to the Poisson Kernel P(8,r) in (1), we define the Poisson kernel of angle type as follows:
Definition 4.2.1

1 1

P(gl, 92,7') = (1 _ re"@l) + (1 — re‘i92) -1

1 — 12ei(01-62)

- (1 —retfr)(1 —re-if2) (12)
where r is a real parameter satisfying |r| < 1, —o < 6,6, < oo.
The integral formula for of P(6,, 6,,7) is given in the following theorem.
Theorem 4.2.1
— T P(8y,6,,7) d, 6, =1, (13)

Proof: sitting z = ‘1 and w = e'% in the following integral, we get
2w 21

1
—j f P(Ql, 92,7') dgl d92
0 0

412

2m 21

1 1-— rzei(al—(ez))
- 4_7rzf f (1 —reif1)(1 —reif) 46, b,
00

1 f f 1—1r2%zw dnd
4n? lwi=1|z|=1 1 -rz2)(1 —rw)zw
_ 1 f 1 f L
B 4’7‘[2 |z]=1 (1 - TZ)Z z Iwl=1 (1 _ TW)W w

rz J 1 d j 1 d
_ 2 w
4772 lzl=1 (1-712) wi=1 1-rw)

By the Residue Theorem, we have
[ | a0
—_—qaz = —aw =
zj=1 (1 —72) wi=1 (1 —7wW)

1 1
= _dz= j aw=1
JIZI=1 (1-r2)z wi=1 (L —Tw)w

Then
21 21

1
—J f P(Ql, 92,7’) d91 d91 =1.
0 0

412
Remark 4: sitting 6, = 8, = 6 in (12), yields (1).
P(0,,0,,17) =p(6,1).

Analogous to the generalization of the Poisson Kernel Q(6, a, b) in (3), we define a generalization of the Poisson
kernel of angle type as follows:
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Definition 4.2.2

) 1 1 1 — abe!(#1=(62))
6,,0,,a,b) = . ———1 = . . 14),
(01,62, b) (1 — aeifr) + (1 — be~if2) (1 — aei®1)(1 — be~if2) a4
where a, b are complex parameters satisfying |a| < 1and |b| < 1.
The integral formula for Q (6, 8, a, b) is given in the following theorem.
Theorem 4.2.2
1 2m 21
Wf J. Q(0,,05,a,b) d6,dO, =1 (15)
0 0
Proof:

The proof is analogous to the proof of Theorem 4.1.
Remark 5:
i setting 6; = 6, = 0 in (14), yields ( 3)

Q(@l, 92, a, b) = Q(G, a, b)

ii. takinga = b =1 in (14) and (15), we obtain (14) and (15) are generalizations of (12) and (13),
respectively.

Conclusion

This work investigates the Poisson Kernel and operator- valued Poisson Kernel. It establishes comprehensive
results concerning the integral averages of a generalized operator-valued Poisson Kernel involving the power of
Qqp¢(T). Furthermore, a new angle type formula for the Poisson kernel is provided, and two new angle type
formulas are introduced. The corresponding integral formulas are also derived and evaluated. These definitions
and theorems contribute to the further development of the theorems of Poisson Kernels and highlight their
practical applications.
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