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Abstract:

Murray's law, the classical minimum work principle governing the optimal caliber of branching blood vessels,
provides a physiologically grounded target for the baseline (steady, unforced) state of one-dimensional reaction
diffusion models of blood flow. In this work, the Variation of the (G'/G)-Expansion Method an analytical scheme
that expresses the traveling-wave amplitude as a joint polynomial in two auxiliary Riccati-type functions, G'/G
and F'/F is applied to Murray's nonlinear partial differential equation and to two of its structural modifications: a
cubic-reaction variant and a variant extended by a quadratic dissipation (gradient) term. For all three formulations,
the balancing procedure and the resulting over determined algebraic systems, solved with a computer algebra
system, converge on the same non-trivial equilibrium traveling-wave solution, u = §,/83, independent of the
specific nonlinear closure used. This equilibrium ratio is then linked to Murray's power law, Q o DP, using the
clinically derived exponent p = 2.15 reported for human epicardial coronary arteries, yielding a reference value
of 14.78 that reproduces the normal left anterior descending (LAD) artery diameter of 3.5 mm. A diagnostic look-
up table connecting this reference value to LAD narrowing and dilation is presented. The invariance of the
equilibrium solution across three structurally distinct forms of Murray's equation is interpreted as evidence of the
robustness of both the underlying physiological model and the solution methodology, and the paper concludes by
outlining how the same reference value framework could support noninvasive screening of coronary caliber.

Keywords: Traveling Wave Solutions, (G'/G)-Expansion Method, Murray's Equation, Murray's Law, Coronary
Artery Diameter, Nonlinear Partial Differential Equations And Mathematical Physiology
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1.Introduction

Nonlinear partial differential equations (NPDEs) are the natural language of biological transport phenomena,
where diffusion, advection and nonlinear reaction terms interact to produce traveling fronts, pulses and equilibria
with direct physiological meaning. Among the many analytical techniques developed to construct closed-form
traveling-wave solutions of such equations the tanh method, the sine—cosine method, the Exp-function method
and the auxiliary-equation method the (G'/G)-expansion method, introduced by Wang, Li and Zhang (2008), has
become one of the most widely used because of its algorithmic simplicity and its ability to recover hyperbolic,
trigonometric and rational solution families from a single second-order auxiliary equation. Since its introduction,
the method has been extended in numerous directions, including generalized, modified, extended and alternative
(G'/G)-expansion schemes designed to enlarge the space of admissible solutions and to handle higher-order
balancing.

The present study uses a two-function variant of this family, referred to here as the Variation of the (G'/G)-
Expansion Method, in which the wave amplitude is expanded jointly in the Riccati-type quantities G'/G and F'/F,
with G and F satisfying a coupled pair of first-order auxiliary equations whose closed-form solutions are the
hyperbolic pairs (sech, tanh) and (csch, coth). This structure increases the number of free coefficients available at
a given balancing order m, which is useful for equations such as the ones considered below whose nonlinear
reaction term is not a simple monomial.

The equation chosen to illustrate the method carries a specific physiological motivation. Murray's law, first
proposed by Murray (1926) on the principle of minimum work, states that the volumetric blood flow Q through a
vessel scales with a power of its diameter D, Q o« DP, with p = 3 in Murray's original derivation. Decades of
subsequent morphometric and, more recently, computational-fluid-dynamics studies have shown that the
empirical exponent for the human coronary tree deviates from 3; a systematic review and meta-analysis of the
coronary literature reports a pooled flow—diameter exponent of 2.39, while a physiology-based computational
study using invasively validated flow measurements in human epicardial arteries identified an optimal exponent
of p = 2.15 for absolute coronary flow. Because the left anterior descending (LAD) artery is the vessel most
frequently implicated in ischemic heart disease, a mathematically explicit link between a reaction diffusion model
of vessel wall dynamics and Murray's scaling law is of practical as well as theoretical interest.

This paper analyzes a one dimensional nonlinear reaction diffusion equation associated with Murray's law referred
to here as Murray's equation together with two structural modifications: a modified form in which the quadratic
reaction term is replaced by a cubic term, and an extended form incorporating an additional quadratic gradient
(dissipation) term. Applying the Variation of the (G'/G)-expansion method to all three forms, we show that the
resulting non-trivial traveling-wave solution is, in every case, the constant equilibrium u = §,/683, and we use this
invariance to argue for the robustness of the underlying physiological equilibrium. We then translate this
equilibrium ratio into a clinically interpretable diameter reference value via Murray's power law with p = 2.15,
and tabulate the resulting diagnostic ranges for LAD narrowing, normal caliber, and dilation.

173 | Journal of Insights in Basic and Applied Sciences



The remainder of the paper is organized as follows. Section 2 describes the Variation of the (G'/G)-
expansion method in general form. Section 3 applies the method to the original, modified and extended
forms of Murray's equation. Section 4 develops the clinical translation of the resulting equilibrium
solution via Murray's law. Section 5 discusses the results, and Section 6 concludes.

Material and methods
2.The Variation of the (G'/G)-Expansion Method

Consider a nonlinear partial differential equation in the dependent variable u and independent variables
X1 ,X5, ...,xn,t,P(u, U, Uyg, , Uy, , Uge, Uy s Ugyes Ugoxg » Ugoxy s ) =0. Q)

Step 1 (wave transformation). The equation is reduced to an ordinary differential equation (ODE) by the traveling-
wave transformation

u=u=uX;,Xy, ., Xp,t) =UE) E=YL rx; +owt 2

where r;(i = 1,2, ...,n) and w are constants representing wave-number and angular-frequency-type parameters.
Substitution reduces the PDE to an ODE

Q(U,wlU’, r;U’, r,U’, w?U”, r;wU”, r oU", r;20"7, r,2U0",..) =0. (3)
Step 2 (integration). If possible Eq.(3) is integrated term by term one or more times, introducing constants of
integration.

Step 3 (ansatz). The solution U(&) is expressed as a joint polynomial in % and FF

U® = Xioai(G'/G)' + X2, bi(G'/G)'~* (F'/F), (4)

where area;(i=0, 1, ..., m),b;(i =1, 2, ..., m) are constants to be determined and m is a positive integer
fixed by the homogeneous-balance procedure. The auxiliary functions G and F satisfy the coupled first-order
(Riccati-type) system

G'(®) = —G(®).F(®), (5

F'(® =1-F(®? (6)

whose known closed-form solutions are the hyperbolic pairs
G(§) = £sech(§), F(§) =tanh(§) (7)

G(®) = £ csch(®), F(§) = coth(¥), (8)

Step 4 (balancing). The order m is fixed by balancing the highest order derivative term against the highest order
nonlinear term in the transformed ODE, using the homogeneous balance rule

dau\’
If D[U(Z)] = m, then DU (@) | =mr+s(@+mym )
Step 5 (algebraic reduction). The ansatz (4) is substituted into the ODE collecting the coefficients of each power
of F = F(&) and setting every coefficient to zero yields an over determined system of nonlinear algebraic
equations in ay, a4, ..., b1, b,, ... and the wave speed parameter ¢ (or r, v).

Step 6 (solution). The algebraic system is solved with a computer algebra system (Maple); the resulting constants
are substituted back into ansatz (4) together with the closed form Riccati solutions (7),(8) to obtain the explicit
traveling wave solution(s) of the original PDE.
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3. Application to Murray's Equation and Its Modified Forms

3.1 The Original Murray Equation
Murray's equation, in the reaction—diffusion form used here, models the balance between diffusive,
advective and nonlinear reactive contributions to one-dimensional blood-flow dynamics:

Up — Uy — 81uuy — 82u + 83u? = 0. (10)

The parameters &4, 8, and &3 respectively weight the nonlinear advective term the linear growth term and the
quadratic saturation term. Following Murray's power law, we set u = D”p, where D is the vessel diameter and p
the flow diameter exponent, so that the constant solution obtained below can subsequently be interpreted
diametrically (Section 4).

Applying the traveling wave transformation u(x, t) = U(E), & = x — ct , Eq.(10) reduces to the ODE
cU'+U"” + 810U + 62U — 83U2 =0.  (11)

Balancing U” against U? gives m + 2 = 2m, i.e. m = 2, so the ansatz (4) specializes to

U(§) = ap +a,(G'/G) + a,(G'/G)? + b1(F'/F) + b2(G'/G)(F'/F),

U(§) =ay —a,;F+a,F? +b1(F! —F) —b2(1 — F?) (12)

Substituting (12) into (11) and collecting the coefficients of each power F! (i = 0,+1,+2,+3) yields
nine simultaneous algebraic equations in ay, a4, a,, b4, b, and ¢ (reproduced in full in Appendix A, Egs.
A.1-A.9). Solving this system with Maple yields two admissible parameter families, of which the first
is trivial (ag = b2,a1 =0, a; = —b,, by = 0, leaving the free constant b, undetermined by the
physics) and the second is the physically meaningful solution

a(]:bz'i'g_;, al=0, azz_bz, b1=0, b2=b2, C=2¢C. (13)

Substitution of (13) into (12) collapses the F-dependence identically, leaving the constant equilibrium traveling-
wave solution

weY=3 (19

Equation (14) states that, once the reference balance between the linear driving term (§,) and the nonlinear
saturation term (d5) is reached, the model relaxes to a spatially and temporally uniform steady state independent
of x and t regardless of the specific value of the wave-speed parameter c or of the free constant b,. Figure 1
shows the corresponding surface plot for the representative numerical value &§,/63 = 14.78 (Section 4),
confirming that u,(x, t) is flat over the (x, t)-plane.

Figure 1. Surface plot of the equilibrium traveling-wave solution u,(x, t) = §,/8; = 14.78 (Eq. 14), shown here
for the original Murray equation; the identical flat surface is obtained for the modified and extended forms (Egs.
19 and 24).
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3.2 The Modified Murray Equation (Cubic Reaction Term)

To test whether the equilibrium solution obtained above is an artifact of the specific quadratic closure §su?, we
next replace it with a cubic saturation term:

U — Uy, — 81uuy, — 82u+ 83u® =0 (15)

With u(x,t) = U(E), € = x — ct, Eq. (15) reduces to

cU'+U"” +810U' +62U0—83U3 =0  (16)

Balancing U” against U® now gives m + 2 = 3m, i.e. m = 1, so the ansatz reduces to
UE) = ag—a;F+a,F>+b1(F 1 —F) 17

Substituting (17) into (16) and collecting the coefficients of F* (i = 0,+1, ..., 6) produces a ten-equation algebraic
system (Appendix A, Egs. A.10-A.19). Its non-trivial solution is

a0 =62/63, al =0, a2=0, b1 =0, c=c (18)
which again collapses ansatz (17) to the same constant equilibrium found for the original equation:
ul(x,t) = 62/83 (19)
3.3 The Extended Murray Equation (Quadratic Dissipation Term)
As asecond, structurally different modification, we reintroduce the quadratic reaction term of the original equation
and add a quadratic gradient (dissipative) termé&.(u,)?, which allows the influence of spatial steepness on the
wave behavior to be examined explicitly:

U — Uy, — 81uuy, — 82u + 63u? + §4(u,)? =0 (20)
With the same transformation Eq. (20) reduces to

cU' 4+ U" + 81UV’ 4+ 82U — 83U3 —84(U)2 =0  (21)
Balancing again gives m = 2, so the ansatz has the same form as (12):
U®E) =a, —a,;F+a,F2 + b1(F~1 —F) —b2(1 — F?) (22)

Collecting the coefficients of Fi(i = 0,41, ..., +4) now produces an eleven-equation system (Appendix A, Egs.
A.20-A.30), owing to the extra terms generated by (U")2. The non-trivial solution is

a0 = (b263 + 82)/63, al =0, a2 =-b2, b1 =0, b2=0b2, c=c (23)
which again reduces to the invariant constant solution
ul(x,t) = 62/83 (24)

3.4 Robustness of the Equilibrium Solution

Equations (14), (19) and (24) show that the Variation of the (G'/G)-expansion method returns the identical non-
trivial traveling wave solution u = §,/683, for three structurally distinct versions of Murray's equation: the
original quadratic-reaction model, a cubic-reaction modification, and a quadratically dissipative extension. This
invariance holds despite the fact that the three models require different balancing orders (m = 2,1 and 2,
respectively) and produce algebraic systems of different size (9, 10 and 11 equations). Because the equilibrium
value depends only on the ratio of the linear driving coefficient &, to the nonlinear saturation coefficient &s, and
not on the advective coefficient 8, the dissipation coefficient &,4, or the wave speed c, we interpret §,/8s as an
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intrinsic reference state of the underlying physiological system rather than a solution artifact of any one nonlinear
closure. This robustness is the mathematical basis for the clinical translation developed in the next section.

4. Clinical Application: Murray's Law and Coronary Artery Diameter Assessment

Murray's power law relates volumetric coronary blood flow Q to vessel diameter D through Q « D®. Following
Taylor et al. (2022), who used a validated computational fluid dynamics model against invasively measured flow
and microvascular resistance in 27 branched human epicardial coronary arteries, the exponent that best reproduces
absolute coronary flow is p = 2.15, appreciably lower than Murray's original theoretical value of 3.0 and
consistent with independent morphometric estimates in the epicardial coronary literature. Adopting the hypothesis
u = DP, with p = 2.15 (Eq. 2.3.2 of the underlying derivation), the equilibrium solution u = §,/85 obtained in
Section 3 for all three forms of Murray's equation can be read as a diameter-derived reference value once
numerical values are assigned to &, and 6.

Taking the normal left anterior descending (LAD) artery diameter as D = 3.5 mm, the reference value is
u = DP = (3.5)2.15 = 14.78 (25)

and the model parameters can conversely be chosen so that §,/6; = 14.78 reproduces this normal reference
state. The relationship is invertible: given any reference value §,/63, the corresponding diameter follows from

p=()" 29)

53

For example, D = (11.38)#{1/2.15} = 3.1mm and D = (7.17)"{1/2.15} = 2.5 mm. Because §, represents
(in the underlying blood-flow model) the resistance experienced by the vessel and &5 represents the wall's elastic
response to that resistance, the ratio §,/83 can be interpreted as an equilibrium index of the balance between
resistance and wall compliance an index that, via Eq. (26), maps directly onto a clinically measurable diameter.

Table 1 tabulates this mapping over a clinically relevant range, linking the reference value to a qualitative
diagnostic category for the LAD artery, from severe narrowing to severe dilation, with 3.5 mm / 14.78 taken as
the normal reference point.

Table 1. Reference values of 82/6; mapped onto LAD diameter via D = (6,/63)*{1/2.15}, and the corresponding
qualitative diagnostic category.

Reference value (5,/63) LAD diameter (mm) Diagnostic interpretation
7.17 25 Severe narrowing
11.38 3.1 Slight narrowing
14.78 3.5 Normal
20.77 4.1 Slight dilation
25.37 4.5 Severe dilation

Results and Discussion

The central mathematical finding of this study is that the Variation of the (G'/G)-expansion method, applied to
three structurally different forms of Murray's nonlinear reaction—diffusion equation, converges in every case on
the same non-trivial constant solution, u = 82/3s. This is a non-obvious result: the three models differ in balancing
order (m = 2, 1, 2), in the size of the resulting algebraic system (9, 10, 11 equations) and in which physical
mechanism is emphasized — quadratic saturation, cubic saturation, or gradient-driven dissipation — yet the
surviving non-trivial equilibrium is identical in all three cases. From a dynamical-systems perspective this is
consistent with 52/8s being a genuine fixed point of the underlying reaction kinetics: replacing u? by u3, or adding
a term that vanishes identically for spatially uniform u (as (uy)2does), cannot move a spatially uniform fixed
point, and the method correctly recovers this invariance analytically rather than merely numerically.

Clinically, the translation of this equilibrium into a diameter reference value via Murray's law provides a
mathematically explicit if necessarily simplified bridge between a one-dimensional reaction—diffusion description
of vessel-wall/flow dynamics and a bedside-interpretable quantity, the LAD diameter. Using the physiologically
derived exponent p = 2.15 rather than Murray's original cubic exponent is important: had p = 3.0 been used, the
same reference value of 14.78 would map onto a materially different diameter, illustrating the sensitivity of any
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such translation to the exponent chosen and reinforcing the importance of exponent studies such as Taylor et al.
(2022) for any prospective clinical use of this framework.

Several limitations should be acknowledged. First, the reaction—diffusion model considered here is one-
dimensional and does not capture the branching topology to which Murray's law strictly applies; the diameter
mapping in Section 4 should therefore be read as an illustrative reference-value framework rather than a validated
diagnostic tool. Second, the algebraic solution families obtained in Section 3 include trivial branches (not reported
in detail) alongside the physically meaningful ones; the selection of the non-trivial branch, while standard practice
in the (G'/G)-expansion literature, is not itself derived from a stability analysis of the underlying PDE. Third, the
exponent p = 2.15 was derived from a specific cohort of 27 branched coronary arteries and, as the original authors
note, larger and more heterogeneous samples are required before firm exponent values can be adopted for
individual patient assessment. Future work should couple the present analytical framework with a linear-stability
or numerical-continuation analysis of the constant solution, and should extend the clinical translation to other
coronary segments beyond the LAD.

Conclusion

The Variation of the (G'/G)-expansion method was applied to Murray's nonlinear reaction diffusion equation and
to two structural modifications a cubic-reaction variant and a quadratic-dissipation extension. In all three cases,
the method returns the same physically meaningful equilibrium traveling-wave solution, u = 3./8;, demonstrating
that this solution is a robust feature of the underlying model rather than an artifact of a particular nonlinear closure.
Linking this equilibrium to Murray's power law with the clinically derived exponent p = 2.15 yields a reference
value of 14.78 that reproduces the normal LAD diameter of 3.5 mm, and a diagnostic look-up table connecting
reference values to qualitative categories of coronary narrowing and dilation. Beyond the specific application to
Murray's equation, the results illustrate how classical analytical methods for nonlinear PDESs can be combined
with contemporary clinical exponent estimates to build simple, interpretable, and testable bridges between
mathematical models of vascular physiology and bedside diagnostic reasoning. Extending the framework to
branching (rather than one-dimensional) geometries, and subjecting the equilibrium solution to a formal stability
analysis, are natural next steps.
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Appendix A. Full Algebraic Systems

The following systems were obtained by substituting the respective ansatz into the reduced ODE and collecting
the coefficients of each power of F(£); all systems were solved using Maple.

A.1 Original Murray Equation (Egs. A.1-A.9)
FS: _23581 - 4‘32b281 - 2b§51 = 0 (Al)

F4: 3313281 + 3alb281 - 3583 + 3azb181 - 232b283 + 3b1b281

F3: —2aya,8; — 2agb,8,; — a%8; + 2a;a,6; — 2a; b, §;

+4b28, — 2a,c — 2b,c — 2a; — 2b; =0 (A.3)

F2:a4a,8; — 2a5a,8; + agb; 8, — 2a,b,8; — a?8; — 3a;a,8;
—2a,b; 8, — 4a,b,8; — 4ab, 8, + 2a,b,85 — b285 — 5byb,5,
+2b%68; + a;c +a,8, + bjc +b,6, —8a, —8b, =0 (A.4)
Fl:2a4a,65 + 2a¢a,6; + 2ayb, 83 + 2agb,6; + a6, + 2a,b,6;
—2a,by 85 — 2a,b,85 — 2a,b,8, + b2S, — 4b,b, 8, — 2b25,
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—(1152 + 2a2C - b152 + szC + 2a1 + 2b1 =0 (A.5)
FO: _633(2) - 813031 + 283aob2 + 283alb1 + 81b231 + 8132b1

+263b% + 81b1b2 - 83b% + 8230 - Cal - 82b2 + 232 + 2b2 = 0 (AG)

F_1: _230b183 + b%Sl + 2b1b283 + b182 - 2b1 =0 (A7)
F_Z: _agb161 - b%83 + b1b281 - b1C =0 (A.S)
F_3: _b%81 + 2b1 =0 (Ag)

A.2 Modified Murray Equation, Cubic Term (Egs. A.10-A.19)

F6:— §5a% = 0 (A.10)
F5:3a;a%8; + 3a22b183 — 2a2281 =0 (A.11)
F4: _3a0a%83 - 3a%a283 - 6alazb183 - 3azb%83 + 3313261 + 3azb181 + 682 = 0 (A12)

F3:6a9a;a,6; + 6aga,b; 85 + a38; + 3a’b;8; + 3a;b?8; — 3a3b, 5,
+b§83 - 2303261 - 3%81 - 231b151 + 23%81 - b%&l - Zazc - Zalzbl =0 (A13)

FZ: 3 3%3263 - 3303%63 + 6303183 - 330b%830 - 63032b163 + 6azb%83 + 303181 + aob181 - 3303281 -

4a,b;6; + a;c+ a6, +b;,c—8a, =0 (A.14)
F:3a2a;8; + 3a3b,;6; — 6a,a,b; — 3a%b;8; — 6a,b28; + 2a,c — b8, + 2a; + 2b; =0 (A.15)
FO: —8;a3 + 683aqa,b; + 683a0b% — 383a,b2 — S,a0a, + 51a,b,
+6,a0 —cay + 2a, =0 (A.16)
F~1: —3a2b, 85 + 3a,b285 + 3385 + b28, + by6, — 2b, = 0 (A17)
F~2:—3a%b;8; — agbh;8; —b;c =0 (A.18)
F~3: —b13 — 8,025, + 2b, = 0 (A.19)

A.3 Extended Murray Equation, Dissipation Term (Egs. A.20-A.30)
Fé: —4a% — 8a,b,8, — 4b35, =0 (A.20)
FS: 4313264 + 4-a1b254 - 23%62 + 432b164 - 432b281 + 4b1b284 - Zb%(sl = 0 (AZl)

F4: _3%84 + 3 3132813 - 231b184 + 3alb281 - 3583 + 8 32284 + 3azb181 - 232b283 + 1632b284 - b% +
3b1b261 - b§63 + 8 b%64 + 632 + 6 bz =0 (A22)

F3: —2303261 - 2a0b251 - 3%61 + 2313263 - 8313264 - 2 alb181 + Zalb263 - 8 alb284 + 23%81 +
2 azb183 - 4’ azb184 + 6azb281 - b%81 + 2b1b283 - 4’ b1b284 + 4’b%81 - 2 az C— 2 b2 C— 2 al - 2 b1 =
0 (A.23)

Fz: 303161 - 2303263 + aob181 - 230b283 - 3563 + 23%64 - 3313261 - Zalb163 + 231b164 - 4alb281 -
43584 - 4azb181 + 231b283 - 832b284 - b%83 - 5b1b281 + 2b%83 - 4’b%84 + 31C + 3282 + b1C + b282 -
832 - 8b2 =0 (A.24)

Fl: 2303183 + 2303281 + 230b183 + 230b281 + 3%81 + 4313284 + 231b181 - 231b263 + 4alb284 -
2a2b183 - 4azb184 - 2a2b281 + b§61 - 4b1b283 - 4b1b284 - 2b§61 - 3162 + Zazc - b182 + 2b2C +
231 + Zbl =0 (A.25)

FO: _3%83 - 303181 + 230b283 - 3%84 + 231b183 + 231b184 + alb281 + a2b181 + 2b%83 + 2b%84 +
b1b281 - b%83 + 3082 —aC— b262 + 2a2 + 2b2 =0 (A.26)

F_1: _2a0b183 + 4azb184 + b%61 + 2b1b283 + 4b1b284 + b162 - 2b1 =0 (A.27)
F—Z : _aob181 - 231b184 - b%83 + b1b281 - b1C = 0 (A28)
F~%: b2, + 2b, = 0 (A.29)
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F~*:—8,b? = 0 (A.30)
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