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Abstract:

This research is investigates the fine spectrum of the generalized difference operator B (r,s) over the
sequence space cs. The main purpose of this work is to provide a significant improvement of the spectral
results previously published in the literature. Specifically, we demonstrate that the results established
by Durn, Yildirim and Kilic in [5] and Dutta and Tripathy in [6] regarding the spectrum and its
subdivisions of the operator B (r,s) on cs contain inconsistencies. In this study, we provide updated
proofs and a more precise determination of the fine spectrum, including the residual, continuous and
compression spectra. In particular, the point spectrum of the adjoint operator B(r,s)" is reanalyzed
using the correct dual space cs* = bv , rather than the previously assumed identification cs* = #;. This
correction leads to new descriptions of the point spectrum B(r,s)* and consequently to a revised
determination of the corresponding, continuous and compression spectra of B (r,s). These results
contribute to addressing some gaps in previous works and improving the corresponding results, ensuring
greater accuracy in extended studies of these results and providing a basis for further studies involving
examples and applications in different fields, given the importance of spectral analysis in many modern
applications.
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Introduction
We begin our discussion by recalling the fundamental definitions and notations required throughout
this work.

Definition 1. [12, 15] The Banach spaces bv of all sequences of bounded variation and cs of
convergent series are defined by:

oo
bv ={x = (X))o : Xk €C, lek+1 — x| < oo},
k=0

< oo}},

with norms ||x|lp, = XrzolXks1 — Xk | and |[x|les = sungZszkl.
ne

n
cs =9x = (X)) =0 * Xk €C, sup X
neN

k=0

Definition 2. Let the spectrum of a bounded linear operator T defined on a complex infinite dimensional
Banach space X be denoted by o (T, X) as the set of complex numbers A € C for which the operator
(T — Al) is not invertible, where [ is the identity mapping of X onto itself.

o(T,X) = {1 € C:T — Al is not invertible},
If (T — AI) has an inverse which is linear, we call it the resolvent operator of T.
The resolvent set p(T,X) = {4 € C: T — Al is a bijection},
The set (T, X) is the complement of the set p(T,X) inthe complex plane C.

. The spectrum is partition into three main disjoint subsets whose union gives the entire spectrum,
serving as the primary classification:

Point spectrum o, (T, X): The set of eigenvalues.
Continuous spectrum a.(T, X): The set where the operator is not invertible, yet its range is dense.
Residual spectrum o,.(T, X): The set where the operator is not invertible and its range is not dense.

A secondary classification focuses on the approximate behavior and the range properties of the operator,
comprising:

Approximate point spectrum a,, (T, X): The set capturing approximate invertibility.
Compression spectrum a,, (T, X): The set where the range of the operator fails to be dense.
Defect spectrum o5(T, X): The set associated with the deficiency or lack of

surjectivity.

Furthermore, the spectrum is categorized into types I, 11 and 11 based on specific range behavior and
invertibility criteria. For example, the subset consisting of those A for which the state of the operator
T — Al is I111; will be denoted by II1;(T,X). For detailed information regarding these spectral
classifications, see [11,13,14].

These definitions and applying Proposition 1.3(e) in [2, p.28] naturally give rise to the following
relations:
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(T, X) = 0p(T,X) U 0,.(T,X) U a.(T,X),
0ap(T,X) = o(T, X) \ 111, (T, X),
os(T,X) = a(T,X) \ I3(T, X), (1.1)
0co(T, X) = 0, (T, X™).
Lemma 1. [14, Page 60]. T has a bounded inverse if and only if T* is onto.
Lemma 2. [9, pp. 20; 10, pp. 38]. If T is a linear operator on a complex

normed space X into itself, then II1,(T,X) isan open set.

2. The main results
The generalized difference operator B(r,s) is defined on a Banach
Sequence space u as

B(r,s)x = (rxg,rx; + sxo, 7%y + 5x1,°*), X = (X)) =0 € U,
Where r,s € R, s # 0.
This operator can be represented by a band matrix as:
0 0
r O
S T

B(r,s) = (s #0).

o =

The fine spectrum of the generalized difference operator B(r, s) over the sequence spaces ¢, and ¢
have been studied by Altay and Basar [1]. Also, the spectrum and fine spectrum of the generalized
difference operator B(r, s) over the sequence spaces £1 and bv have been studied by Furkan et al. [8].
The fine spectrum of the operator B(r,s) over ¢, and bv, where 1 < p < o has been examined by
Bilgic and Furkan [4]. Dutta and Tripathy [6] have studied the fine spectrum of the generalized
difference operator B(r,s) over the space of convergent series. Recently, the fine spectrum of the
operator B(r,s) over bv, has been studied by El-Shabrawy and Abu-Janah [7]. Moreover, some
additional results concerning on other well-known classification of the spectrum of B(r,s) on cs have
been given by Durna, Yildirim and Kilic in [5], also by Basar on other space in [3].

Lemma 3 [15, Example 6B, Page 130 ]. The matrix A = (a,)) gives rise to
a bounded linear operator T € B(cs) if and only if

1 sup Y| Znii(ane — ani-1)| < oo,

m
2. Y4 ang is convergent for each k.
The boundedness of the operator B(r, s) on c¢s has been proven in [6].

Here, we present another proof.
Theorem 2.1. The operator B(r,s): cs — cs is a bounded linear operator.
Proof. It is clear that the operator B(r, s) on the sequence space cs is linear.
So, we shall prove that the conditions of Lemma 3 are satisfied; thereby B(r, s)

is a matrix transformation on cs into itself. Let
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o | m
Ap = Z (bnk - bn,k—l)
k=1In=1
Then
[e] 2
A = Z Z(bnk - bn,k—l)
k=1In=1

= |by; — bygl + |b12 — b1l + |b1z — bya| + b1y — by3| + -+
=2|r|,

[oe]

-

k=1

= |by1 — byg + by — byol + |byz — byg + by — byl

1

(bnk"bnk—l)
1

n=

+1|by3 — b1z + byz — byy| + |byg — byz + byy — bas| + -

=|r+s|+|s|+1r],

3

[o0]

"=

k=1

(bnk"bnk—l)
1

n=

= |by1 — byo + bay — bag + bzy — bzgl + |b1z — big + bay — byy + b3y — b3yl
+|b13 — b1y + byz — byy + b3z — baa| + |byy — byz + bay — baz + b3y — bas|
+ e

=|r+s|+|s|+r|.

Then, we can obtain that

N (2l ifm=1
A= ) 1D (bu = buses)| = {Ir +sl4lsl+ I ifm=2.
k=1 In=1
Thus, forallm > 1
[0 2] m
supA,, = Z Z(bnk - bn,k—l) =|r+s|+|s|+|r] < oo
m k=1 In=1

Additionally, one can prove that

(00}
Zank=r+s, k>1.
n=1

S0 Yo—1ank isconvergent foreach k > 1.m

Due to a clear error in the previous two works [5, 6] regarding the point spectrum of the adjoint operator
of B(r,s), which affected some later results, we present a precise correction for this spectrum and its
proof to build better results. We also provide another proof for the spectral theorem of the operator
B(r,s) on cs, which was previously established in earlier work [6].
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Theorem 2.2. a(B(r,s),cs) ={A€ C:|[A—r| < |s]|}.

Proof. Suppose A& {1€C:|A—r|<|s|}. Then |1 —7r|>|s|. So, the matrix B(r,s) — Al is
triangle, and so has an inverse, which can be formally given by the matrix

! 0 0 0 0
r—A7A
s 0 0 0
(r—2)>2 r—2A
s? —s 1
0 0
() =] (=13 (r—21)? r—2»
—s3 52 —s 1 0
r—2D* -1 @r-12% r-12
s —s3 52 —s 1
r=20D5 r-1D* -3 r—-12% r-21

Let

o | m
By = Z Z(an — Cnk—1)
n=1

k=1
SO

1

B, = Z Z(an - Cn,k—l)
k=1

n=1
_ L|
- r=al’
o | 2
B, = Z E(an - Cn,k—l)
k=1In=1
1 s N 1
Py ey 3 Al ey §| !
o) 3
B; = Z Z(an - Cn,k—l)
k=1 In=1
1 s 52 52 s 1
T -2 -2 + (r-2)3 =31 |r=2)2 + ﬂ|
Then, we have
5 - 1 ‘ | s N SZ 53 N N (_1)m—1sm—1 N Sm—l
™ r—2 r—1 (r—-21)% @¢-21)3 (r—am-1 (r—am-1
sm—2 s
|+t +1
(r —A)m-2 |r—/1| ]

m-—1 _s i m—1 S
; (r—/l) +; |r—/1

=l 1
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m-—1 i m-—1
<> A Y
r—A|lLalr—24 L lr—21
=0 =0
2 = S
- ‘T—A‘Z |r—/1
=0

Then, by induction we obtain

B < 2 i| S
m_|r—/’1|, r—A2
i=0

i
Since ¥, |£| is convergent for |%| < 1, then sup B,, < oo for |r — A| > |s|. Additionally, for
m

1

i
, m>=>2.

i

each fixed k,

2 —S3

i S N S +
lan"‘r—a =12 (r=A)3 " r—n*
n:

2 3

—S S )

1
Ay Ry v sy ) g

=il

1 =, —5 \k
=r—/12(r—s/1) ’
k=0

which is convergent for |s| < |r — A].

Then, from Lemma 3, (B(r,s) — AI)"1:cs — ¢s is bounded. So, A & o(B(r,s),cs). Hence
o(B(r,s),cs) c{AeC|A—r| < |s|}

Conversely, if 1 & a(B(r,s), cs), then similar arguments in the proof of Theorem
2.1in[7],showthat {1 € C:|A —r| < |s|} € o(B(r,5),cs).m

In reference [6], the results concerning the operator's and point spectrum are correct and match our
results. However, the theorem used to deduce the spectrum of the adjoint operator of B(r,s) on cs*
is inaccurate, which affects the derivation of the residual and continuous spectrum. Here, we present
the necessary revisions and improvements.

Theorem 2.3. The following statements hold:
1. 0p(B(1,5),¢c5) =0,

2.0,(B(r,s)"cs) ={A€C:|A—7rI<|s|}U{r+s},
3.0,(B(r,s),¢cs) ={1€C:lA—-7rI<|s|}U{r+s},

4.0.(B(r,s),cs) ={A1eC:|A—7|=|s| }\{r+s}.
Proof. In [6], the proof depends on an assumption that cs* = #; but cs* = bv [15].
So, we only give the proof of statement (2).

Suppose that B(r,s)*f = Af for f = {fi}r=o # 0 incs™ = bv. Then, we obtain

fk=</1_r>kf0:k21-

S
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Clearly, r € 0,,(B(r,5)*,¢s*). Onthe other hand, if 4 # r, then f;. # 0 for all

k € Nand

me — fil = kz |(A;T)fk - £

|
o

Y| (E=am[
k=0
D)

A—r 1| =1

(5= 2, 1=
k=0
Since f = (fi)r=o € bv, 50 Yrolfis1 — frl < oo ifandonlyif A —7r| <s or
A= {r+s}. Hence, 0,(B(r,s)",cs) ={A€C:IA—7I<|s|}U{r+s}
Consequently, results (3) and (4) are obtained from the following relations:
0, (B(r,s),cs) = a,(B(r,5)",cs*) \ 0,(B(r, s), cs),
0.(B(r,5s),cs) = a(B(r,s), cs)\[0p(B(r,s),cs) U 0,(B(r,s),cs)]. m

For the third classification of the spectrum in this work, we will determine solely
111, (B(r, s), cs) throughout the following theorem, whose proof follows the same steps as a similar
theorem in our work [7]. The remaining subdivisions are easily obtained from the preceding results.

Theorem 2.4.

I, (B(r,s),cs) ={AeC:lA—7rI<|s|}.
Proof. Let Let A € {1 € C:|A —r| < |s|}. Similar arguments in the proof of
Theorem 2.3 in [7] implies that R(B(r,s) — AI) # cs and B(r,s) — Al hasan
inverse. Next, to show that (B(r,s) — AI)™" is bounded, it is enough to show
by Lemma 1 that B(r,s)* — Al isonto. Given y = (y;)r=o € ¢s* = bv, we must
find x = (x3) =0 € bvsuch that (B(r,s)* — Al)x = y and direct calculations

show that (r — A)xy + sxx4q1 = Yx, forall k € N. Then, we have

1 A—
X1 = ;yo'l'( T)

X
s 0,

1 A- A-1)2
Xy = —y1+(52r)yo+( SZT) Xo,

N

1 A-1) (A-r)k-2 (A-r)k-1 A-r)k
Xe = JVk-1t g Ykttt Yo+ o

So,
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1 @a-n 1 A-rn (G- 1  @A-1
—‘;)’o . xo—x0|+ ;J/1+ 2 Yot iz 0TV T %o
1 A-7) (A—1)? (A—-1)3 1 A-7) (1—1)?
;3’2"‘ -2 y1t+ -2 Yot 3 0T N T T Yo T3 0
1 (A-7) A—-r)"2 A-r)n1 A-m"
+.”+‘§yn+s—2yn—1+.”+ Sn_l y2+ Sn yl Sn+1 yO
A—r)ntt 1 A-7) A-r)n3 A—-r)"?
Txo_gyn—l_s—zyn—Z_“'_ n—2 Y2 — n—1 Y1
A—-r)nt A—-r)"
- o Yo t P
1 A—r A—1?
_l ||3"0|+‘ ||x0|+|x0|+| I| }’0|+m|}’0| | | x|
1 A—r1 1 A—r?% 1-=-r3
+ ||x0|+ ly2 = y1l +—=1y1 — yol —|+—|}’0| | | x|
Is] |s] |s]
A—r? A—1r
+‘T lxo] + - +||| — Yn- 1|+|||}’n1 Yn-2| + -
+1| l/’l—rn_z_l_ll l/l—rn_l_l_ll l/l—rn
|S| }’2 yl |S| yl yO |S| yO
/1_rTl+1 A_rn
+| xol + || 1ol

1
= m(b’d + 1y = ol + ly2 =y1l + -+ |yn — yn-1D

1 A—r
+m(|3’0|+|y1_3’0|+|Y2_Y1|+"'+|Yn—1_3’n—2|) .
1 A—1?
+m(|}’0|+|}’1_}’0|+|3’2_3’1|+"'+|3’n—2_3’n—3|) S
1 A=
+m(|}’0|+|}’1_}’0|+|3’2—3’1|+"'+|3’n—3—3’n—4|) S + -
n-2 n-1

A—r

1 A= 1
ol + by =yol + 1y =D [+ 17 (ol + s =30

A—r"
S

Lyl
|s|y0
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A—13 A—r"
| +---+2|

2
+2|

A_T _rTl+1
+<1+z‘—s ‘ >|x0|

g penan(GT )+ ()

|Ar

S

Since |1 — 7| < |s|,then Y%,

o,

< 00,andso Ypolxgsr — x| < o0, where Y22 olyy — yik—1l <

Therefore x = (x) € bv. Thus B(r,s)* — Al is onto.
Then {A€ C:|A—rI<]|s|} < I, (B(r,s),cs). Also, by Lemma 2 we have
HI1(B(r,s),cs) S int({leCll-r|<|s|]h={AeC|A-1|<]|s|}. =

The results derived in Reference [5] are an extension of those established in Reference [6],
which studied the operator's spectrum and its main subdivisions. As a result, some inaccuracies also
appeared in certain results of Reference [5].

The following theorem shows how the value of the operator's compression spectrum in Reference [5]
differs from the corresponding value in our results, as we improved this result to arrive at the correct
and accurate value.

Theorem 2.5. The following statements hold:
1. 04p(B(r,8),cs) ={A€C:lA—1I=[s]},
2. 0,0(B(r,s),cs) ={A€C:|A—-rI<]|s|}U{r+s}
3. o5(B(r,s),cs)={1eC|A—-7rI<]s|}
By using relations given in Eq. (1.1), the proof follows immediately.
"In[5], 0.,0(B(r,5),cs) ={A€EC: I A—rI<|s|}"

Conclusion

The results obtained in this study provide corrections to previous spectral results for the operator B(r, s)
on the sequence spaces cs. Such corrections are essential to ensure that future research relies on accurate
mathematical results and to prevent the propagation of errors. Looking ahead, the operator B(r, s) can
be generalized to a triple-band operator T(r,s, q), which will be the focus of our next work. This
generalization is important because the introduction of a third band provides a broader operator structure
and allows the spectral properties to be investigated under more general interactions between the
coefficients. Thus, the study of T(r,s, q) will provide a natural extension of the spectral analysis of
B(r, s) and may identify spectral properties that cannot be described by the two-band structure alone.
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